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Abstract 

The “long” indecomposable N'=2,d=l multiplet (2,4,2) defined in arXiv:1503. 
05537 [hep-th] as a deformation of the pair of chiral multiplets (2, 2, 0 ) and ( 0 , 2, 2) 
by a number of the mass-dimension parameters is described in the superfield approach. 
We present its most general superfield and component actions, as well as a generaliza¬ 
tion to the case with the superfields of the opposite Grassmann parities and dimension¬ 
less deformation parameter. We show that the long J\f=2, d=l multiplets are naturally 
embedded into the chiral S'f/(2|1), d = 1 superfields having nonzero external spins with 
respect to SU{2) C 51/(211). A superfield with spin s contains 2s long multiplets and 
two short multiplets (2, 2, 0 ) and ( 0 , 2, 2). Two possible A/'=4, d=l generalizations of 
the M = 2 long multiplet in the superfield approach are also proposed. 
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1 Introduction 


Supersymmetric quantum mechanics (SQM) [T] is the simplest supersymmetric the¬ 
ory. One of the popular views of SQM is that it provides the extreme version of the 
dimensional reduction of the supersymmetric held theories and, as such, captures the 
salient features of the latter, e.g., allows one to understand in depth the conditions 
under which supersymmetry can be spontaneously broken. On the other hand, d = 1 
supersymmetry and the associated models are of obvious interest on their own, as 
the appropriate laboratory for studying general peculiarities of supersymmetric theo¬ 
ries and constructing superextensions of black holes, the integrable intrinsically one¬ 
dimensional systems like Calogero-Moser ones, etc. (see [2] and references therein). 
Supersymmetry in one dimension reveals particular features which distinguish it from 
its higher-dimensional counterparts. For instance, some multiplets which are on-shell 
in higher dimensions become off-shell after reducing them io d = 1 [ 3111 ]; there is such 
a specihcally d = 1 property as the automorphic duality relating multiplets with the 
same number of fermionic helds but with different divisions of the bosonic helds into 
the subsets of the physical and auxiliary helds EE], etc. Most of these peculiari¬ 
ties naturally extend to various versions of the 5'[/(2|l) SQM as a deformation of the 
standard SQM by an intrinsic mass parameter mi. 0 - mi- 

The aim of the present paper is to pay attention to the one more peculiar feature of 
d = 1 supersymmetry, which manifests itself in systems involving a few multiplets of 
similar sorts, and to give the superheld description of this new phenomenon. Namely, 
it turns out that in a number of cases the sets of d = 1 multiplets admit a deformation 
into new irreducible but indecomposable multiplets called “long multiplets” in |12j . 
Actually, a similar possibility was noticed for the hrst time in [13], and we will present 
its superheld formulation too, (in Sec. 4). However, our main focus will be on the 
multiplets treated in [T2]. So, it is natural to start with a short account of what has 
been done there. 

In that paper, S'I7(2|1) supersymmetric mechanics was recovered by a dimensional 
reduction from the four-dimensional Lagrangian of the chiral multiplet on the manifold 

X M [13]. After reduction, the SU{2\1) supersymmetric system is described by an 
inhnite sum of d = 1 supermultiplets. These multiplets were treated in the framework 
of AA = 2 supersymmetry with the superalgebra 

{Q,Q} = 2(id-S), Q^ = Q^ = 0, (1.1) 

where H is the Hamiltonian and S is some charge operator. It is assumed that both 
H and E (not only H — H) commute with the supercharges. The latter requirement 
is related to the fact that the Af = 2 superalgebra fll.ll) was dehned in [12] as a 
subalgebra of su(2|l), with H as the “genuine” Hamiltonian commuting with all sm(2|1) 
generator^ and E as a combination of the remaining bosonic sm(2|1) generators. The 
basic reason for the choice of H as the Hamiltonian was the desire to keep 517(211) 

^This H can be interpreted as a central charge operator added to the standard U{2) bosonic 
generators of 5't/(2|l) (ITlITU] . 
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supercharges time independent. It allows one to Wick rotate the time coordinate and 
work in the Lorentzian/Euclidean signature. If we forget about this sm(2|1) origin of 
fll.ip . the presence of S is not necessary since it can always be removed by a held 
redehnition (see fll.4p below), and if — S can be chosen as the Hamiltonian, with 
respect to which the spectrum is wittingly bounded from below because of the evident 
condition ii — S > 0 . However, as we are going to establish the relationships with the 
S't/(2|1) multiplets (Sec. 3), we explicitly keep S in fll.ip . 

Proceeding from the superalgebra fll.ll) . the reference [ 12 ] revealed a new type of 
W = 2, d = 1 multiplet called a “long” multiplet. This multiplet involves some 
irreducible bosonic chiral ( 2 , 2 , 0 ) multiplet (2^,0) where z{t) and ^{t) are bosonic and 
fermionic complex d = 1 helds, as well as a fermionic “quotient” ( 0 , 2 , 2 ) collecting the 
fermionic and bosonic helds 7r(f) and B{t). The J\f = 2 supersymmetry is realized on 
this set as 


6z = —\/2e^, d^ = \/2ieDtZ, 

dn = — ^/2 eB — y/2 pe z , 6B = \/2ieDt7r + pe^ , (1.2) 

where 

Dt = dt + ia, Dt = dt- ia (1.3) 

and a and p are some real parameters of the mass dimension. The factors y/2 were 
introduced for further convenience. The parameter p is a deformation parameter re¬ 
sponsible for combining the two chiral “short” ( 2 , 2 , 0 ) and ( 0 , 2 , 2 ) multiplets into a 
“long” multiplet. In the limit p = 0, the latter is split into the direct sum of chiral 
multiplets which transform under M = 2,d = 1 supersymmetry independently of each 
other. Calculating the Lie brackets of (II.2p . one hnds that the generator E is realized 
on each holomorphic component as S = cr, while H = idt. Redehning all helds as 

z^e-^^^z, 7r^e-*"*7r, B^e-^^^B, c.c., (1.4) 


we can reduce the transformations fll.2l) to their cr = 0 case. This also leads to some 
shifting of the time-translation generator H, such that on the new holomorphic helds 
it becomes H = idt + a. Thus, the new time translation generator is identihed with 
H — T,] i.e., the redehnition (II.4p turns fll.ip into the form of the standard J\f = 
2,d = 1 Poincare superalgebra with the Hamiltonian H — T, = idt . So, at the level 
of A/" = 2 superalgebra, leaving aside the issue of its embedding into sm(2|1), the 
parameter a is unessential and could be put equal to zero from the very beginning. 
The parameter p cannot be removed by any held redehnition, and it is the genuine 
deformation parameter. It is worth mentioning that the long M = 2 multiplet has the 
same held content as a chiral TV = 4, d = 1 multiplet (2,4, 2). 

The free Lagrangian, which is invariant, up to a total derivative, under fll.2p . reads 


/^free 


DtZ DtZ Dt^ + ^ Dt^) 2 S" ^ Dtir^ + BB 


P + TT^) - p^ZZ - 7 


- [z DtZ - z Dtz) -F 


(1.5) 
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The Lagrangian contains three independent parameters of mass dimension: a , p and 
7 . The external Wess-Znmino (WZ) term ~ 7 involves the irredncible set {z , only. 
The whole effect of introdncing p 7 ^ 0 is the appearance of the new oscillator-type 
terms for the physical bosonic and fermionic helds. The remaining parameters also 
contribute to both these terms and the WZ term, as is seen after rewriting fll.Sp in a 
more detailed form: 

>C{pT = ^^+^(^^ + ^l) + ^(^7r + 7r^)-p(^7f + 7rO-l-(cT-7)^^+a7r7f 

-I- (cr^ — — 'y<j)zz + ^ (7 ~ 2(t) {z z — zz) + BB . (1.6) 

It is worth pointing out that the Lagrangian fll.Sj) consists of the three independent 
invariants. One of them is formed by the hrst two terms and is just the free Lagrangian 
of the irreducible chiral (2, 2, 0) multiplet {z, the other one is the WZ term of this 
multiplet ~ 7 ; the remainder in fll.Sp is the invariant involving the (0, 2, 2) quotient 
helds (tt,!?). The relative coefficient between the hrst and third invariants has been 
hxed by requiring tt to have the standardly normalized kinetic term. In what follows, 
the various Lagrangians of the long multiplet will be chosen in such a way that their 
free parts have the form (II.5p . In particular, both the kinetic term zz and the auxiliary 
held term BB will always enter with the same coefficient equal to 1. 

The quantum brackets for the involved variables are 

[z,Pz\=i, [z,p 2 ]=i, = {7r,7f} = l. (1.7) 

The corresponding quantum Weyl-ordered Hamiltonian reads 

H = Pzpz “ ^ “ I) - ^P^) + + x) ~ ~ 

+ p(^7f + 7r^) - I+ CT. (1.8) 

The quantum supercharges are 


Q = V2^ 


Pz 


72 ; 


— V2ip 


TT Z . 


Q = y/2^ 


Pz + 2 ^^ 


+ V2i 


ipTTZ. (1.9) 


The Weyl-ordered U{1) generator reads 

T, = —ia {zpz — zpz) — cr -|- tttt) + a. ( 1 - 10 ) 

The quantum problem for the Hamiltonian fll.81) was solved in [12]. The energy 
spectrum was shown to be bounded from below under the condition 

+ X > I 7 - 2cr| , (1-11) 
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and the energy of the gronnd state is zero, while all excited states possess the positive 
energyj^ The reason why jnst fll.Sp was taken in [12] as the gennine Hamiltonian 
was explained earlier, after fll.ip . and it is related to the embedding of fll.ip into the 
algebra sm( 2|1). Note that we can pass in fll.ip to the shifted generators H ^ H + a 
and S —)■ S + a, leaving the generator hf — S nnaffected. Then both the energy 
spectrnm with respect to H and the valne of the S charge are shifted by a constant a. 
One can always choose a in snch a way that both bosonic generators are vanishing on 
the gronnd state. Then, the condition fll.lip secnres the absence of negative energies. 

Staying solely within the TV = 2, d = 1 framework, we can always eliminate the 
parameter a from the Lagrangian fll.51) throngh the redehnition fll.4p and pass to the 
difference of fll.81) and fll.lOl) as the Hamiltonian, in which all the dependence on a is 
canceled ont and the condition fll.lll) is identically satished (since we can choose a = 0 
altogether). 

2 J\f = 2 superfield description of long multiplets 

Here, we show how to reprodnce the M = 2 snpersymmetric mechanics of [12] from the 
M = 2 snperheld approach properly modihed as compared to the standard one [T3] . 

2.1 Modified Af = 2^d = 1 superspace approach 

The TV = 2, d = 1 snperspace coordinates are dehned to experience the 

standard transformations with respect to the snperalgebra fll.ip 

69 = e, 69 = e, df = i(ed + ed). (2.1) 

The M = 2 covariant derivatives T>, T) are dehned by 

'D = ^-i9dt + 9t, v = -^ + i9dt-9t, (2.2) 

09 09 

and satisfy the following anticommntation relations: 

{V,V} = 2idt-2t, {T>, T>} = {P, P} = 0 . (2.3) 

The new conserved operator E does not act on the snperspace coordinates and com- 
mntes with the spinor derivatives bnt can take nonzero valnes on the corresponding 
snperhelds. So it can be viewed as an active central charge [IB]- The Hamiltonian is 
realized as the time translations generator, H = idt. 

The covariant derivatives possess nonstandard transformation properties nnder fl2.ip 

6V = et, 6V = -et. (2.4) 

^It was noted in m that in the case of equality in (11.111) . i.e., = |.y _ 2 (t| , the ground 

state reveals an additional degeneracy. 
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As was already mentioned, the general M = 2 superfield can have an external charge 
with respect to the generator S and undergo the following (passive) transformation 
law 

5$ = (e0 + e0) S<h. (2.5) 

The covariant spinor derivatives of such a superfield are again superfields, just owing 
to the transformation law fl2.4l) . The spinor generators corresponding to the transfor¬ 
mation law (12.51) are defined as 

^ = + Q = -^-iOdt + et, {Q,Q] = 2idt-2t. (2.6) 

oU oO 

As expected, they anticommute with the covariant spinor derivatives fl2.2p PI 

2.2 Long multiplet 

The long multiplet is described by the pair of fermionic and bosonic M = 2 superfields 
T and Z which possess nonzero U{1) charge, 

ST = c7T, tZ = aZ, (2.7) 

and are subject to the following constraints with p ^ 0: 

V^ = -V2pZ ^ 'DZ = 0. (2.8) 

The superfield Z is chiral and describes an irreducible multiplet (2,2,0), while T, as 
a solution of (12.8p . can be represented as 

'^ = U + \/2 p9Z, "^11 = 0, S If = crll. (2.9) 

The component expansion of the chiral superfields If and Z is defined by 

'DZ = 0, YjZ = aZ Z = z + \/29 ^ — i99 Dtz , 

PII = 0 , Sn = (jn H = 71 + y/2 9B — i99 DfH. (2.10) 

Under M = 2 supersymmetry, the superfields T and Z transform with a nontrivial 
phase factor oc a : 

6^ = a[e9 + e9)^ , 5Z = a {e9 + e9) Z . (2.11) 

These transformations imply the following transformation law for the superfield If; 

5Il = a{e9 + e9)ll-^peZ. (2.12) 

^By the similarity transformation $ = one could transform the covariant derivatives and su¬ 

percharges to the standard form, with E becoming some extra (7(1) generator times a mass-dimension 
parameter. In components, it amounts just to the redefinition (11.41) . However, the time translation 
generator in the realization on $ necessarily involves the (7(1) rotation part ~ E. We will work in 
the original frame, where the time translation generator is a pure shift, H = idt ■ 
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For the component fields in fl2.10p . these superfield transformation laws induce just the 
transformations fll.2l) . 

Thus, we started with the general complex bosonic and fermionic M = 2 superfields 
Z and T having the transformation properties (I2.1ip (we can equally choose a 7^ 0 or 
(T = 0; this is not crucial for our consideration). Then, we impose on Z the standard 
chirality condition, which makes it the chiral M = 2 superfield carrying the irreducible 
multiplet (2, 2, 0). The pivotal point is that the fermionic superfield T is now subjected, 
instead of the standard chirality condition, to the new condition given in fl2.8p . It 
expresses some components of T in terms of the components of Z and forces the 
remaining superfield If with the field content (0, 2, 2) to transform through Z. The 
nontrivial pieces in the transformations fll.2p of the components of If arise just as 
a consequence of this new manifestly M = 2 supersymmetric constraint on T. In 
the limit p = 0, the superfields fl2.10p describe two independent irreducible Af = 2 
multiplets, (2,2,0) and (0,2,2). In other words, in this limit, the indecomposable 
long M = 2 multiplet (2,4,2) splits into the direct sum of two “short” irreducible 
At p 7^ 0, such a splitting cannot be accomplished by any field 

The most general Lagrangian of the long multiplet is a sum of two invariant La- 
grangians. 


Af = 2 multi 
redefinition!^ 


^^{p) — ^(z) + , (2-13) 

where the invariant Lagrangian C.(^^z) is 

Ci^,z) = lj dede^^h,{z,z) (2.14) 

and C(^z) is the general Lagrangian for the chiral superfield Z [T5] : 

C^z) = ^J dO dO VZ VZ ho (Z, Z) - dOdO {Z,Z). (2.15) 

The component form of the Lagrangian £(p) reads 


^(p) 


ho DtZ DtZ + — ho Dt^ — Dt^ {D^z dzho — DtZ d^ho) 


-7 


% — — 
2 dzh^^'j Dizdzh(^^'^ dzdzh^^'^^^ 


+ - hi (vr Dtn - Dtn vr) 


+ BB hi + ^71B dzhi + 71^ B dzhi + - tttt (^DtZ dzhi — D^z dzhij 

+ 7171^^dzdzhi — p (vr ^zdzhi + zdzhi) — p (vr^ + hi — p^zz A,<2.16) 


In the case of cr 7^ 0, supersymmetry in addition requires the U{1) invariance of the 
above Lagrangians. According to fl2.1ip . the arbitrary functions ho{z,z), hpi) [z^z), 

^It is worth mentioning that the reduction Z = const, ct = 0 in (12.81) yields a modified version of 
the multiplet (0, 2, 2) considered in [T7] . 
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and hi {z,z) must satisfy the U{1) invariance conditions in this case: 

hQ{z,z) = hQ{zz), h(^y) {z,z) = h(^y) (zz), hi{z,z) = hi{zz), a^O. (2.17) 

However, making the redefinition fll.dp in the 1/(1) invariant Lagrangian, we can elim¬ 
inate any dependence on a in it, after which it becomes a particular 1/(1) invariant 
case of (12.1611 with cr = 0. Thus, the most general invariant Lagrangian of the long 
multiplet is just the a = 0 version of fl2.16p . No additional 1/(1) invariance is required. 

We see that the deformation parameter p is responsible for the appearance of the 
new potential and Yukawa-type terms. 

As an example, we present the superfield form of the free Lagrangian (ll.5p : 

^ j d9d9{'DZVZ+ 2^^-2jZZ) . (2.18) 

It is a sum of three superfield invariants. 

Finally, we note that the constraint for T in (12.8p with p ^ 0 looks like the expression 
of the chiral superheld Z through an unconstrained fermionic prepotential T. However, 
in the present case, this analogy does not work because the prepotential should admit 
the appropriate pregauge freedom like (5\k = "DA, while the Lagrangians in (I2.13p do 
not respect such a freedom. As a result, the extra helds 7i(t),B(t) accommodated by 
the (0, 2, 2) superheld H in (I2.10p are by no means gauge degrees of freedom. 

2.3 Long multiplet with the twisted Grassmann parity 

The superhelds T and Z subjected to the constraints (12.8p have their opposite Grass¬ 
mann parity counterparts Y (bosonic) and G (fermionic) satisfying the constraints 

VY = -V2QVt VVt = l], tY = aY, tVt = aVt. (2.19) 

The parameter p, in contrast to p in (12.8p . is dimensionless. Obviously, Y can be 
written as 


Y = Yo + \/2p0G, PYo = 0, SYo = (xYo, 


( 2 . 20 ) 


with 


Yo = y + V29p-i99Dty, = x + V29C - i99Dtx ■ (2.21) 

The M = 2 transformations of Y and O are given by 


5Y = (T{e9 + e9)Y , 5Vt = a {e9+ e9)Vt. (2.22) 

They induce the following transformations for the component helds dehned in (I2.2ip : 

6y = — — V 2 gex, 5p = \/2ie Dty + \/2 geC , 

6x = -V2eC, 5C = V2ieDtX- (2.23) 
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2.3.1 Free model 


For simplicity, we consider the free action with a = 0: 

1 


ofree _ 

“ 4 


dtdede {VYVY+ 2QQ-2 -yYY) . 

In the component notation, it reads 


(2.24) 


% % — — 
{e) = yy+^^xx^ xx) + + vv) + w {Cy - Cy) + (i + cc 


^free 


-7 


(yy- yy) + vv - o^xx - q {Cy + Cy) 


We eliminate the anxiliary helds by their eqnations of motion. 


C = 


Q 


{-iy-iy). C = 


Q 


l + i + p 2 

and obtain the on-shell Lagrangian in the forrr@ 

1 


{iy - ly) , 


(2.25) 


(2.26) 


/^free 

^(q) 


1 + 


yy - y^){yy- yy) - I'^Q^yy 


X % 

+ 2 + xx) + 2 (W + VV) -7VV + jg^xx ■ 


(2.27) 


The relevant on-shell transformations are 

Sy = -y/2er] - V2gex, 
y/2e 


6r] = 


{iy - XQ^y) , 5x = 


\/2ge 
1 + 


{iy + xy) • 


1 + 

Qnantizing the free model (I2.27p as 

[y,Py\=C [y,Py] = C = {x,x} = i, 

we write the qnantnm Hamiltonian, 


(2.28) 


(2.29) 


H = 


l + p 2 


(1 + p 2 ) p_ + _ ^ (1 _ ^ 2 ^ y 


(1 + g^)py--x{l- g^) y 


7^^^ - - 2 - 

yy + XVV-70 XX, 


1 + 

and the qnantnm snpercharges, 

Q = V2 
Q = V2 


(2.30) 


V \Py - 7;xy] + yxlpy - 7;xy 


V [Py + oXy j + QX [Py + 7;Xy 


(2.31) 


^The constant metric factor in the first line can be removed by rescaling y, y. 
























We observe that the nonzero deformation parameter q gives rise to the appearance of 
the new oscillator-type terms and renormalizes the strength of the external “magnetic 
held” in the WZ term. Note that these new terms are proportional to 7 and so appear 
only on account of adding the external WZ term. In the general case, the new terms 
also appear only due to some superheld interactions. 


3 *5'?7(2|1) chiral multiplets 


In this section, we discuss how long M = 2, d = 1 multiplets can be embedded into the 
SU{2\1) chiral multiplets in the framework of the SU{2\1) mechanics as a deformation 
of the AA = 4 mechanics [9]. We will proceed from the manifestly SU{2\1) covariant 
world-line superheld approach. 

The relevant deformed superalgebra is the centrally extended superalgebra sm(2|1): 


{Q‘, 0,} = 2m/- + 2S‘ (H - mF ), [/j, /‘] = ipf - , 

[>‘v <?'] ^ft • tt.- 1 

[F,Q^=-\Qi, ( 3 . 1 ) 

The supersymmetric e transformations of the superspace coordinates C := 

(9* = {9i) are given by 


66i = ei + 2m , ^6** = e* — 2m ekO’^6 ^, 6t = i [e^Ok + £^6*^) . 

The S'f/(2|1) covariant derivatives are dehned a^ 


(3.2) 


= 




d 


d 




09^ 


89, 


+ m9^F -m 9^ (l - m 9’^9k) 1] , 


V, = - 


l + mmk-^-^{9f{9Y 


7^ -I- m 9^9j-^ + i9jd^ 

89 ^ ^ 89 >^ 


jUt 


— m 9jF + m 9i [1 — m 9^9k) Ij , 


(3.3) 


where F and are the “matrix” parts of the generators F and 1].. The 517(211) 
superhelds can carry an external 517(2) spin index and 17(1) charge corresponding to 
these matrix parts. 

The 517(2|1) superhelds can be subject to the chiral or antichiral conditions 


= 0 , = 0 . 

®We use the following conventions: (0)^ = 9,9^ and (9)^ = 9^9,. 


(3.4) 


9 











They can be solved through the shortened superhelds living on the chiral subspaces 
Cl = {tL, Oi} and (r = , with 

= t + — '^rn{9)^ {oY 1 c.c.. (3.5) 

These subspaces are closed under the transformations fl3.2p . The covariant derivatives 
Vj can be rewritten in the basis [tLiOi^Ok] as 


The most general SU{2\1) chiral multiplet dehned in [9] is described by a chiral 
superheld having an external index A of SU{2) C SU{2\1) and carrying an external 
17(1) charge, F^a = 2k^a- So, it is characterized by the pair of real numbers (s, 2k) , 
where s is the external SU{2) spin and 2k is the external 17(1) charge. As compared 
to the SU{2) singlet chiral superhelds (s = 0) basically considered in [9], the number 
of component helds in $^1 carrying the nonzero external spins s = 1 / 2 , 1 ,... increases 
according to 

(2[2s + l],4[2s+ l],2[2s + 1]). 

As was shown in |9], the decomposition of the s = 0 chiral superheld into the M = 2 
multiplets is given by a direct sum of chiral multiplets ( 2 , 2 , 0 ) and ( 0 , 2 , 2)0 It turns 
out that the analogous decompositions of the s ^ 0 chiral superhelds necessarily involve 
the long M = 2 multiplets with p ^ m. Now, we will explicitly demonstrate this on 
the example of the s = 1/2 chiral superheld. 


i + me%-^{eY {eY 


— m 9jF + m6i [l — m O’^Ok) Ij 


d Kkn ^ 

dO^ ^ dO^ 


(3.6) 


3.1 s = l/2 


The 517(211) chiral superheld "hj {i = 1,2) in the U{2) representation (1/2, 2k) is 
dehned by the constraints 

P,d)i = 0, i= 2K<h,. (3.7) 


Using the explicit form of the covariant derivative fl3.6p . the chirality condition is 
written as 


i + me^ek-^-^{ef{eY 


d d 

89^ ^ 89^ 


+ 2 Km 9j^i 


-m 9i{l-m 9^9k) ^ = 0 , 


(3.8) 


^In [9], the S'{7(2|1) Lagrangians were reformulated in terms of Af = 2 superhelds pertinent to the 
standard dehnition of the J\f = 2 spinor derivatives (without terms ^ E in (12.21) '). Here, we deal with 
the centrally extended superalgebra (inp and superhelds having some external charges with respect 
to the central charge generator E . 
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and it is solved by 


^^{tL,o,,ek) = {i + 2me^ei) 

'1 


3m^ 

~16 


{eYief 


0 i (^L) 


(pi (tn, Oi) = Zi + 9iip-V2 e’^'ipi^ik) + OkO'^Bi , 


where 


{zi) = z\ (5*) = Bi, (%p) = -0, = V’(ifc) • 

The superhelds $j and (pi transform as 

T 


5<hj = m{l — m6^9i) 


■5l{ek9^ + e^9k)-{e,9^ + -e^9i) 




+ 2Km {ek9^ + (^9k) $2 , 

5(pi = Anm {e^9k) (pi + 2m Q Sj e’"9k - €^9i^ (pj . 

The relevant SU{2\1) transformations of the component helds are 

5z^ = - e^iP - ^/2ekip^^^\ 
f Sttt- "N 

bp) = t \mWtZk + 1 “ , 


5'ip^^^'^ = \/ 2 e(^ 


iVtz^ 


m 




(5B‘ = - €■ 


(3.9) 


(3.10) 


(3.11) 


(iVtp^ - ^V-) - \/2efc , (3.12) 


where 


Vi = c?i + 2iKm, Vt = dt — 2iKm. (3.13) 

Singling ont, in fl3.12p . the snbset of Af = 2 transformations associated with the 
parameter ei = e, we can identify the component helds [zt^ -0, i?*) with the system 
of three Af = 2 mnltiplets: one long mnltiplet and the irredncible chiral mnltiplets 
(2, 2, 0) and (0, 2, 2) . The long mnltiplet is formed by the helds {^zi,'ip^^‘^\'ip^ 5^): 

^ = ^1, i = ^-'ip(i2), 7r=^ + '0(i2), B = -B^. (3.14) 

The parameter p is eqnal to —m, and the charge a is identihed with {2k — 1/2) m. 
Under these identihcations, the ei, transformations from fl3.12p for the helds dehned 
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in fl3.14p precisely coincide with fll.2p . The M = 2-irredncible mnltiplets (2,2,0) and 
(0,2,2) are composed of the helds ( 2 : 2 ,' 0 ^^^^) and B'^). 

To clarify this decomposition into J\f = 2 mnltiplets, let ns note that the generator 
E in the snperalgebra (II.ip treated as a snbalgebra of (13.11) is identihed with the 
combination of the SU{2\1) bosonic generators 

S = m(F-/^), (3.15) 

corresponding to the identihcation Q = Q^, Q = Qi in (13.ip . We see that the snperal¬ 
gebra fll.ll) proves properly embedded into fl3.ip . with the same Hamiltonian H which 
commntes with all SU{2\1) snpercharges. The generators F and II have the following 
realizations on the component helds: 



Zl 

^2 

^/J 


^( 11 ) 



B'^ 

n 

1/2 

- 1/2 

0 

0 

-1 

1 

- 1/2 

1/2 

F — 2k 

0 

0 

- 1/2 

- 1/2 

- 1/2 

- 1/2 

-1 

-1 


The table shows also that the U{1) charge E takes the valnes {2k — 1/2) m , {2k — 3/2) m 
and {2k -|- 1 / 2 ) m on different irreducible M = 2 mnltiplets forming the chiral 517(211) 
multiplet we are considering. From the table, one also hnds the 17(2) assignment of 
the component helds of the chiral multiplet (s = 1 / 2 , 2k): 

bosons ( 1 / 2 , 2k) © ( 1 / 2 , 2k — 1 ), 

fermions (0, 2k — 1/2) © (1, 2k — 1/2). (3.16) 

Here, the hrst and second numerals in the brackets stand for the spin and F charge 
of the given component held. The E charge assignment of all helds can also be easily 
established. 

3.1.1 Invariant action 

The general 517(2|1) invariant action can be constructed as 

5kin. = j = ^j dCf {<!>,¥) , (3.17) 

where the 517(2|1) invariant measure d( is given by 

dc = dtd^ed^^l + 2 me’^ek), 6{d() = o . (3.18) 

The Lagrangian in fl3.17p should be a function of the 17(2) invariant argument 
due to the presence of the 17(2) induced terms in the transformations fl3.1ip . 

The candidate superpotential term can be written as 

Spot=m J dCLJ^{4>i) + c.c., (3.19) 
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(3.20) 


where the left measure d^i = dti d‘^6 is not invariant: 

6{dCL) = -2m{da)e%. 

From fl3.1ip . it follows that there is no way to dehne the function ((/>,) so as to com¬ 
pensate the measure transformation fl3.20|) . Indeed, the only SU{2) invariant argument 
is identically vanishing. Thus no superpotential action for the s = 1/2 case can 
be constructed^ 


3.1.2 Free model 


The free Lagrangian (II.dh with 7 = 0 is a part of the following SU{2\1) invariant 
(modulo a total derivative) free superheld Lagrangian: 

= \jd^0 d^O (1 + 2m 0^9^) (3.21) 

To see this, we rewrite fl3.2ip in terms of the component helds: 


7 — TY) — — *^7T7^ 

- - m {ziWtz' - z^VtZi) + — {tlJtlj - -^ Ziz\ (3.22) 

It can be split into a sum of three M = 2 Lagrangians: 


C 


free 


^free | _i_ ^free i ^free 

^{p) 1^=0 -^(0,2,2) “T -^(2,2,0) * 


(3.23) 


Here, is just the 7 = 0 versioij^ of the long multiplet Lagrangian fll.51) for 

the helds {z,^,7i,B) dehned in fl3.14p . with a = {2k, — 1/2) m and p = —m. The 
remaining two Lagrangians are 


/^free 

^( 2 , 2 , 0 ) 


Dtz +(I Ae + e aI) - 7 

with z = Z 2 , ^ a = {2k + 1 / 2 ) m, 7 = 2m , and 

4 o,2 ,2) = ^ + 7f A^) + , 


- {z DtZ - z Dtz) + ii 


, (3.24) 


(3.25) 


with TT = , B = B^, a = {2k — 3/2) m. 

®The superpotential terms can be written only for the integer values of s (s = 0,1,2...) and 
nonvanishing k . For example, in the s = 1 case, we deal with the triplet superheld 4>ik {tL,(^k) dehned 
on the left chiral subspace and having the transformation law p.lip in which the SU (2) part is properly 
modihed and the C/(l) part appears with the weight 4:aK{e‘9i), where 2aK is the corresponding F 
charge. The SU{2) invariant argument undergoes only U{1) transformation: 6 {(f>ik4>^^) = 

Sanme^Ok {(jnkfll^^) ■ Then, a nonvanishing superpotential for s = 1 is ^pot = / dCi (bifcb*^) ■ 

®The Lagrangians of long multiplets with 7^0 are contained in the S'17(2|l) Lagrangians for the 
chiral superhelds with s > 1/2 (see Sec. 3.2). 
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3.1.3 Quantum generators 


Let us consider the quantum system corresponding to the Lagrangian (I3.22p . Quantized 
brackets are 


[zj,p^]=i6}, [z\pj]=i6j, 

= {#‘>.4v)} = ^('5;y+i,y‘). ( 3 . 20 ) 

The relevant quantum Hamiltonian reads 


H = 


p^ + i [ 2 k — - I mz" 


Pi - i ( 2k - - ) mzi 


2k + - \ m'lp'ip - [2 k- - \ • 


Quantum supercharges are given by the expressions 



Q'' = Ip (p* + imz'‘) + \/2'i/'fc {P^ ~ 5 

Qj = ^ {pj - imzj) - \p2 'ipj {pk + imzk) , 

while the bosonic generators are given by 



(3.27) 


(3.28) 


F = - 2iK [zkP^ - z^pk) - { 2 K - 0 , 

Ij = - i {zjP" - z^Pj) + ^ Sj [zkp'" - z'^Pk) + 2 - P] • (3.29) 

The generators of the M = 2 subalgebra fll.ip are realized as 


= 'ip [p^ F imz^) F V2'il)\{p^ — imz^) ^ 

Qi = ^ (Pi - imzi) - {pk F imZk ), 

E = -i(^K-^ [zip^ - z^pi) - ( 2 K - 0 {'ip'ip F 2 

( 2 ^ + 0 {Z2P^ - Z‘^P2) - (^2k + - (^2k - 0 

(3.30) 


Under the condition 


|4k-1|<2, (3.31) 

the spectrum of Hamiltonian fl3.27l) is bounded from below, since it is equivalent to the 
condition fll.lip for the long multiplet with a = {2k — 1/2) m,'j = 0,p = —m and 
for the short multiplet (2, 2, 0) with a = {2k + 1/2) m , 7 = 2m, p = 0 . The equation 
(13.311) is similar to the analogous condition for s = 0, |4 k — 1| < 1, deduced in [9]. 
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3.2 Generic s 


In the general case of s G Z, Z+ 1/2, the chiral snperfield ,,, j 2 „) belongs to the U{2) 

representation (s, 2k) and is defined by the constraints 0 




0 , 

2s 


n=l 


1 


^(*1 ••• ^ in + l ■■■ *2s) 2 *2s) 


(3.32) 


The free action is again given by an integral over the SU{2\1) invariant measnre (13.18^ : 


cfree 

‘^kin. 


rsj 


d-C *^(11 ...i2s) 


<|)(n •••*2s) 


(3.33) 


The general action involves an arbitrary U{2) invariant Lagrangian fnnction of ...i 2 s)- 
The superheld amonnts to the component held expansion with the following 

U{2) assignments 

bosons (s, 2k) © (s, 2k — 1 ), 

fermions (s - 1/2, 2k - 1/2) © (s + 1/2, 2k - 1/2). (3.34) 

On all these helds, the 17(1) generator E takes the values a in the range between 
(2k — 1 — s) m and (2k + s) m . For the minimal and maximal values of a we observe 
the 2-fold degeneracy of helds (one complex boson and one complex fermion). These 
two sets are described by the irreducible chiral M = 2 superhelds ( 2 , 2 , 0 ) and ( 0 , 2 , 2 ). 
All other complex helds have the following values of a: 

a = (2k — s — 1 + n) m , n = 1, 2,... 2s . (3.35) 

The relevant helds exhibit the four-fold degeneracy (two complex bosons and two com¬ 
plex fermions). Every such a four-fold set forms a long multiplet. 

Thus, the chiral SU{2\1) multiplet with the external quantum numbers (s, 2k) de¬ 
composes into the following sum of A/" = 2 multiplets: 

2s long multiplets © one short (2, 2, 0) multiplet © one short (0, 2, 2) multiplet.(3.36) 


For the hxed long multiplet from this decomposition, the mass-dimension parameters 
p and a are proportional to m and are specihed by the numbers s, 2k, and n. The 
external charges of A7 = 2 superhelds corresponding to the long multiplets are cr(s^„) = 
(2k — s — 1 + n) m , with n = 1, 2,... 2s . For the superhelds corresponding to the 
short multiplets in fl3.36p . the values of a are (2k + s) m and (2k — s — 1 ) m . All 
these Af = 2 superhelds are dehned either by the constraints fl2.8p . with P(s,n) = 
— \/n ( 2 s + 1 — n) m, n = l,..., 2 s, or by the standard chirality constraints, with 

^°The values of the external F charge can be different for different s. We choose them equal for 
simplicity. 
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T> = —d/d6 + iOdt — da. For s = 1/2, we have p = —m, in agreement with Sec. 
3.1. For the generic s, one also hnds that 7 (<i,n) = (2n — 2s — 1) m, n = 1,..., 2s + 1, 
leading to the generalization of the condition fl3.3ip : 

|4k-1|<2s + 1. (3.37) 

It amounts to fll.lip for each M = 2 multiplet. Note that the s = 0 model [5] involves 
the cases k = 0 and k = 1/2 with the degenerate vacuum states, for which |4fi: — 1| = 1. 
This matches with the extra vacuum degeneracy in the case of equality in fll.lll) . 

The general formulas for the parameters P{s,n) and 7 (s,n) were found from the require¬ 
ment that the free Lagrangians of long multiplets have the generic form fll.Sp . To obey 
this requirement, one should, in particular, properly rescale those linear combinations 
of the original component helds of which are going to become the quotient 

helds (vr, B) (no such a rescaling is needed for s = 1/2). 

3.3 Dimensional reduction 

The authors of [12] considered a dimensional reduction of the free <7 = 4 model of the 
chiral multiplet on x M [T3| . After reduction to d = 1 , it became the free model 
of S'17(2|l) mechanics with an inhnite set of heldJ^ corresponding to a sum of long 
multiplets and the chiral multiplets (2,2,0) and (0,2,2). Comparing this set with 
the J\f = 2 decomposition of S'17(2|l) chiral superhelds, one concludes that the relevant 
SQM system involves a sum of SU{2\1) chiral supermultiplets with all integer and half¬ 
integer spins s = 0,1/2,1,... . They are described by the chiral S'[/(2|l) superhelds 
carrying the symmetrized multi-indices (A • • ■i 2 s), which corresponds to the harmonic 
expansion on S^. 

It is worth noting that our intrinsically one-dimensional superheld approach allowed 
us not only to straightforwardly reproduce the free actions for such superhelds but also 
to construct their most general SU{2\1) invariant self-interactions, including the Wess- 
Zumino and superpotential terms. While in the explicit example of Sec. 3.1 we limited 
our study to the simplest case of the external spin s = 1 / 2 , there is no obstacle against 
including higher s superhelds and constructing general interactions among them. It 
would be interesting to use these techniques to hnd possible corrections to the vacuum 
Casimir energies computed in [12] at the level of free SU{2\1) invariant actions. 


4 Outlook 

We showed that the long multiplets naturally appear in 517(211) mechanics of chiral 
multiplets [H], when the chiral superheld carries some external index A with respect 
to the stability subgroup SU (2) of the chiral W = 4 , d = 1 superspace constructed on 

[12], all fields also have an additional index of the external group SU{2)r of the Pauli-Giirsey 
type. Here, we do not consider such a group. 
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the basis of the centrally extended supergroup S'f/(2|1). We used the superheld tech¬ 
niques to construct the most general actions of the long multiplets, in the framework of 
both Af = 2 supersymmetry and the 517(211) extension of the latter. As a byproduct, 
we revealed the existence of another type of long Af = 2,d = 1 multiplets, with the 
opposite overall Grassmann parity as compared to that considered in [12]. 

In jTO], we introduced another type of 517(2|1) chiral superhelds, with the generalized 
chiral constraints involving a new dimensionless parameter A. Unfortunately, such 
constraints are self-consistent only for the chiral superhelds carrying no external 517(2) 
spin. Yet the external indices of 517(2) C 517(211) can be ascribed to some other 
517(2|1) superhelds, with the held contents (1,4,3), (4,4,0) and (3,4,1) jH [TT]. It 
would be of obvious interest to analyze the relevant decompositions with respect to 
Af = 2 supersymmetry. 

In [T2|, the one-dimensional quantum-mechanical problem for a single long multiplet 
was solved. It would be interesting to solve the 517(2|1) extension of this problem 
associated with the free Lagrangian fl3.2ip and to analyze the role of the long multiplet 
contributions from the standpoint of the 517(2|1) representation theory. In contrast 
to fl3.22p . the general action fl3.17p involves interaction terms of 7\7 = 2 multiplets. 
Hence, it cannot be considered as a sum of free actions oi Af = 2 multiplets. As was 
already mentioned, it would be tempting to hnd out possible physical ehects of these 
interactions, e.g., in the context of consideration in ref. [T2] . 

In conclusion, we briehy discuss how Af = 2, d = 1 long multiplets can be generalized 
to the case of the standard hat A/" = 4, 7 = 1 supersymmetry. 

One of the options is to consider a system of complex AA = 4 superhelds A and 
ZiA = 1,2, subjected to the constraints 

DiA = -\/2rZi, DWiA = 0 ^ DkZi = 0. (4.1) 

The superheld A can be fermionic or bosonic, while Zi should have the Grassmann 
parity opposite to A. The constraints fl4.ip are solved through the set of chiral A/" = 4, 
7=1 superhelds Aq and Zf. 

A = Ao + \/2r7'Zi, D^Aq = 0, DkZ, = 0. (4.2) 

These superhelds transform a^ 

6A = 0,6Zi = 0 ^ 6Ao = -V2r^Zi, (4.3) 

implying that the component transformations contain the parameter r and so corre¬ 
spond to an indecomposable multiplet. In the limiting case r = 0, the superheld A 
becomes just a standard chiral A/" = 4 superheld. 

Another indecomposable Af = 4 supermultiplet parametrized by a real dimensionless 
parameter a was suggested in in in the component approach. As a matter of fact, 
the same system in the superheld approach can be dehned by the constraints: 

— 1 (y — 

DkV = —DkW, 71fclU = 0, (4.4) 

use the “passive” form of the transformations. 
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where V and W are bosonic snperfields. Equations fl4.4p are solved by 


v = Vo- — e^DkW + -{e) w, DkVo = o, ( 4 . 5 ) 

implying the following transformation properties of the superhelds involved: 

SVo = — e’^DkW - a (e’^Ok) W, dW = dV = 0 . (4.6) 

In the limit a = 0, the constraints fl4.4p are reduced to those dehning two ordinary 
(2, 4, 2) chiral multiplets. First, the constraints fl4.4p can be generalized by adding some 
SU{2) breaking term ~ DiW to its right-hand side. One can choose the SU{2) 
frame so that Presumably, this will give rise to the two-parameter 

deformed multiplet also considered in |13jF^ 

Both sets of the constraints, fl4.ll) and fl4.4p . can be generalized to the SU{2\1) case. 
Such a generalization of fl4.4p is possible only for the second type of the SU{2\1) chirality 
[To] , when the spinor derivatives are inert under the induced U{1) transformations. 

It would be also tempting to reveal d > 1 analogs of the long multiplets considered 
in the present paper. 
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